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Abstract

We study limits of the canonical LP-space structures on pluricanonical systems on
compact complex manifolds. We construct a canonical mixed LP-space structure
on the central fiber of a one parameter degeneration. We prove that the canonical

LP-spaces on smooth nearby fibers converge to the mixed LP-space.



§1. Introduction

X a compact complex manifolds, n-dim.

Intrinsic objects: (HO(X, mKy), || H)

s € H'(X,mKx) m-canonical form, m € Z-g, put p=2/m < 2.
|s|/™ = |5 A'3|Y™ a semi-positive volume form on X

The LP-pseudo-norm :

Istli= ([ 1) = ([ 1snspm)™

|s]] defines an L2-inner product if m = 1, an L'-norm if m = 2,

merely an LP-pseudo-norm if m > 2.

INS], [BP], [PT], [HPS], ... : m-Bergman kernel metric, m-Narasimhan-Simha

metric, variations of these metrics in a holomorphic family X — S, ...



We study the limit of LP-space structures in a family, after Mabuchi.
Let f: X — C = {|t| < 1} be a proper surjective holomorphic, . . . |

f smooth over C*, the central fiber X is a reduced SNC divisor.
We have LP-spaces { (H*(X,,mKx,), || |I:) }t#o.
We can define a mixed LP-space structure on

(the restricted linear subspace) fi(mKx,c)o C H(Xo, mKx,).

Theorem 1.1. (H(X,, mKx,), || |:) — (fo(mEx/c)o, || llo) ast—0
in My, with respect to the distance introduced by Mabuchu.

Here, My, : the space of all isomorphism classes of LP-space structures of Cch.
H. Mazur ‘76 : for a family of stable curves.

Mabuchi : for a family of canonically polarized manifolds.



Contents

§1. Introduction
§2. The space of LP-structures, Mabuchi’s distance, . . .

§3. Mixed LP-space structure on H'(X, mKy) for a SNC variety X

84. Asymptotic behavior of LP-pseudo-norms / fiber integrals



82. The space of L’-structures, Mabuchi’s distance, . . .

V = CVN. We take an euclidean metric | | = | |cu. p € (0,2] (mostly p € (0,1]).
Def. 2.1. || || : V — Ry is an LP-pseudo-norm, if

Dol =0 = v=0 (veV),

(2) levll = lellloll (c e C, veV),

(3) luto|P < ||u||P+]||v||P (u,v € V). (Not ||u+wv| < |u||+|v] in general.)

Notation 2.2. Let (V, || ||) be an LP-space (of dimension N).
(1) The indicatrix (the unit ball) ¥ :={v e V; |jv|| < 1}.
(2) For a basis v = {vy,...,ux} of V', we let the associated ellipsoid
Ew)={z-v=>1",zv: 2€CVN, |z <1}.
(3) Let B be the set of all bases v of V' such that E(v) D X.



Prop. 2.3. A special basis for (V.|| ||) (substitute for ONB).

3 a basis v € B, i.e. E(v) D X, whose volume is minimum :

Ul/\UQ/\.../\UN <1

wy ANwa N\ ... \Nwy
for all w = {wy,...,wy} € B. It is unique up to the action of U(N).
Def. 2.4. Mabuchi’s distance on My, :
the set of isomorphism classes of all LP-space structures of C¥.
o for V= (V.| ||) € My, and a basis v for V, we let
fols)=|s-v| : St — Ry, S l={seCV; |s|]=1}
o Put d: My, x My, = R5y by
d(V, V') = ming o { || fo = forllersen-1) },
where v (resp. v') are special bases for V. (resp. V).

Theorem 2.5 (Mabuchi). The set My, is compact with respect to the
topology induced from the distance d.
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§3. Mixed LP-space structure on H’(X, mKy) for a SNC variety X
X =, X; aSNC variety, n-dim.
3.1. Poincaré residue, . . .
ag - X0 .= I, X; — X the normalization.
ap: X =1« <, (XN Xy N...nNXy,) — X
the normalization of (n — k)-dim stratum of X.
X = (@ (X)) @ SNC divisor on X,
e The Poincaré residue map gives
Resy, : HY(X,mKx) — HO (XM m(K 5 + XH+Y),
Letting Wy, = Res; ' (HO(XW, mK 1)) € HY(X, mKy),

we obtain a filtration

HY(XOU mK o) Wy CW C--- CW,y C W, = H(X, mKyx).
W_; = {0} formally.



Note that
Resy, : Wy — HOXW¥ mK ), Resi(Wi_1) =0, Resp1(Wy)=0.
3.2. Mixed LP-space structure.
Let Gry = Wi /W1 with an injection Resy, : Gr, — HO(X ] mK ).
Here HO(X mK ) admits the LP-space structure || ||z. We put
(Gr HY(X,mKx),| ||) == Bi—o (Gre, || Ix)

the orthogonal direct sum, ie. || >, sill? = > skl

e For a linear subspace H C H°(X, mK ), one can restrict everything on H,

and obtain (GrH, || |]) =DBi—o (Gras || Ir)-

E.g. If Xy is a SNC variety, Xg C X is a fiber of f : X — C,
H = H"(X| Xy, mKyc) = Image(H(X, mKyc) — H°(Xo,mKx,))

the restricted linear subspace.



Theorem 3.3. Let f: X — C = {|t| < 1} be a proper surjective, . . . ,
m € Zg, f«(mKx)c) is of rank N > 0.
(1) If Xy is reduced SNC, then

(H(X;, mKx,), || l}) — (Gr HY(X|Xo,mKxc), || )

ast — 0 in Mp,.
(2) Even if f is not semi-stable, 3! (Vo, || |lo) € Mn, s.t.

(H (X, mEx), || ) — Voo || llo)

as t — 0. (After taking a semi-stable reduction, we can reduced to the situation (1).)
(3) Suppose f is projective. If Xy is normal and has canonical singularities

at worst. Then the limit (Vy, || |lo) in (2) is (H*(Xo, mKx,), | o).
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§4. Asymptotic behavior of LP-pseudo-norms / fiber integrals
Let f: X — C ={|t| <1} ... semi-stable, Xy, = F reduced SNC.
Prop. 4.1. Let s € H'(X,mKx/c), and s; = s|x, € H'(X;, mKyx,) fort € C.
Suppose sy € Wry, i.e., Respsy € HO(F[k],mKF[k}). Then, 30 > 0,4 A, > 0
s.t. forVte C, 0 <|t| <4,

p_ D (271-)]{: . 2\k A (— k—1
Isi]]7 [Resi sof” ) —5—(=log [t[7)"| < As(—log |t])
Jalld k!

holds.

Uniform version 4.2. Let s1,...,s5 € H'(X,mKx/c), and s1y,...,500 €
Wi (we allow s;g € Wy p—1). Then, 36 > 0,3A >0 s.t. forVt e C, 0 <
t| <8, andVz = (z,...,2) € C', |z < 1,

27k B
‘H > zsillt - </m [Resy, ) :Zz'Sz‘,0|p)< kl> (—log [t[*)*| < A(=log t])*
holds.
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Continuity of a normalized LP-pseudo-norm. F = X,
May suppose fi(mKx o) = EBZ]L O¢ s;
with s; € HY(C, fu(mKxc)) = H' (X, mKxc).
We'd like to show the continuity of (fi(mKyc)s, || ||i) at t = 0.
This is very much related to the continuity of each ||s;||; at t =0

(after an appropriate normalization).

Let s € HY(X, mKxc). Consider k = k, the minimum £k s.t. sp € Wiy

s———S L. (= Li.(t ——(2 )k—l LA t;éO n X\ X
170 k;( k;( )) ( 0g ]t\ ) or , Or on \ 0.
lk/p k!

We may call s a normalization of s. We put

5o = Resysg € HO(FM mK ).

Then, Proposition 4.1 and 4.2 conclude
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Cor. 4.3. 3§ > 0, 3A, > 0 depending only on the “C'-norm” of s on a
neighborhood of Xg = F s.t. forVt e C, 0 < |t| <,
| sllf = soll6 | < As(=loglt)™ (=0 ast —0)

holds. There is also a uniform version.

We actually need a uniform continuity to conclude the continuity of LP-spaces

(felmEKxc)e, || II:) at t = 0.

Cor. 4.4. Convergence as currents. (the minimum £ s.t.so € Wry)
The family of distributions {o¢}ecvo on X given by
o = CY

cpt

(X,C) > » = / ¥ ‘it’pv
Xt
converges to a Dirac type distribution

o : @ / (a%0) [Resy sol”
Jalld

on X supported on ay(F*).
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Prop. 4.5. Asymptotic orthogonality.
Let sV ¢ HO(X, mKxc) s.t. s(()k) € Wi \ Wh k-1,

s ¢ HY(X, mKX/C) s.t. s((f) € Wre\Wgi—1. Suppose k # L.
Then, ast — 0, we have

k 0 k 0 1/m
8 + 5,717 = 1l + sl + O (= log ) ~H™).
There 1s also a uniform version.
Proof. By Cor 4.4, Supp O'[()k) = ai(F™), Supp aékH) = oy (FIFH.
o =0 along aj, (FFH)

by definition of k : the minimum s.t. sp € Wy U

This is a key property in various situations, e.g. the Mumford goodness of the

canonical L*metric g on f.(Ky/y ® L).
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